In this contribution, we propose a new framework to derive energy-preserving numerical schemes based on the variational principle for Hamiltonian mechanics. We focus on Noether's theorem, which shows that the symmetry with respect to time translation gives the energy conservation law. By reproducing the calculation of the proof of Noether's theorem after discretization using the summation by parts and the discrete gradient, we obtain the scheme and the corresponding discrete energy at the same time. The significant property of efficiency is that the appropriate choice of the discrete gradient makes our schemes explicit if the Hamiltonian is separable.
Introduction
Recently, methods for designing numerical schemes that preserve a conservation law have been intensively studied. Such numerical methods are experimentally known to be superior in the stability in many cases. Discrete mechanics [1, 2] is a method whose aim is to reproduce the process of the derivation of the equation of motion from the variational principle. This method has a remarkable feature that the derived schemes are always symplectic. In addition, the framework of the discrete mechanics has been extended to other applications of the variational principle including those to holonomic systems and optimal control. Another structurepreserving method based on the variational principle is the method of symmetry suggested by Yaguchi [3] . In this study, a keen attention is paid to the process of the proof of Noether's theorem. Then the symmetry of the discretized Lagrangian with respect to time translation is used to obtain an energy-preserving schemes.
For the Hamiltonian formalism, a typical energypreserving method is the discrete gradient method (e.g. [4] ) or the discrete variational derivative method by Furihata and Matsuo for partial differential equations [5] . Although the discrete gradient method derives superior numerical schemes, natural relationship between this method and the variational principle has not yet been clarified. Additionally, the scheme is usually implicit. Now focusing on this fact, we propose a new framework to discretize Hamiltonian ordinary differential equations using the variational principle. Schemes derived by this method are energy-preserving in a certain sense, as shown in Theorem 1. The schemes are derived in a similar way to the energy-preserving method for Lagrangian mechanics. In the method, we discretize the process of the proof of Noether's theorem by using a discrete time symmetry. The scheme and the corresponding discrete energy to be preserved are obtained at the same time from the discretized process. Designing schemes in such a way has the following two advantages:
• we can use the same method to derive a scheme that preserves a conserved quantity obtained by Noether's theorem,
• and our method can be applied to other problems that involve the variational principle, e.g. Hamiltonian systems under holonomic constraints, in an analogous way to the discrete mechanics.
In addition to the above two, a significant feature of the proposed method is that
• the appropriate choice of the discrete gradient makes our schemes explicit if the Hamiltonian is separable.
This feature is preferable from the viewpoint of efficiency especially for long-time simulations like astronomy simulations, where structure-preserving methods are indispensable. Furthermore, explicit schemes are easily parallelized with small communication costs; this is also desirable for efficiency.
The variational principle and the energy conservation law
We first summarize the derivation of the energy conservation law from the variational principle. We denote the Lagrangian and the Hamiltonian by L(q,q) and H(q, p), where q, p ∈ R n , and assume that they do not explicitly depend on time. For a given H(q, p), the corresponding Lagrangian L(q,q) is obtained by the Leg-
The variational principle states that the equation of motion stems from a variational problem. In fact, the condition for (q, p) to be a stationary point of the action
is equivalent to the Hamilton equation:
where ∇ q and ∇ p represent the gradient in the q and p directions, respectively. The energy conservation law is derived from the variational principle and the time symmetry of S in the following way. Since H does not depend on t explicitly, it is shown that 0 = 1 δt
{(p(t) ·q(t) − p(t − δt) ·q(t − δt)) − H(q(t), p(t)) + H(q(t − δt), p(t − δt))}dt
+ ∫ δt 0
{p(t) ·q(t) − H(q(t), p(t))}dt
Taking the limit δt → 0 and application of the integration by parts show
{ṗ(t) ·q(t) + p(t) ·q(t) − ∇ q H(q(t), p(t)) ·q(t) −∇ p H(q(t), p(t)) ·ṗ(t)} dt + [H(q(t), p(t)) − p(t) ·q(t)]
T 0 = ∫ T 0
{ṗ(t) ·q(t) −ṗ(t) ·q(t) − ∇ q H(q(t), p(t)) ·q(t) −∇ p H(q(t), p(t)) ·ṗ(t)} dt + [p(t) ·q(t)]
T 0 + [H(q(t), p(t)) − p(t) ·q(t)] T 0 = ∫ T 0
{(q(t) − ∇ p H(q(t), p(t))) ·ṗ(t) −(ṗ(t) + ∇ q H(q(t), p(t))) ·q(t)} dt + [H(q(t), p(t))]
T 0 . Since the integrand is 0 because of (1), this shows the energy conservation law: H(q, p) = const.
Remark 1 It is noted that the above calculation essentially follows the derivation process of the equation of motion by the variational principle. The energy conservation law is a consequence of the variational principle
in this sense.
Derivation of the scheme using the variational principle
As seen in the previous section, the energy conservation law results from the variational principle and the shift symmetry of the given Hamiltonian in time. In fact, this is certainly a way to define the "energy"; the energy is defined in some classical textbooks by the conserved quantity that accompanies this symmetry (e.g. [6] .) With this importance of the relation between the energy conservation law and the symmetry of time in mind, we design the energy-preserving scheme by reproducing the deriving procedure of the energy conservation law. In order to derive the scheme, we make a little difference in our viewpoint on the proof in the previous section. The process of proving the energy conservation law can be interpreted as a procedure to yield the Hamilton equation and the preserved energy at the same time. Therefore, if we can reproduce the calculation of this process after discretization, the energy-preserving scheme and the discrete energy should be obtained from the corresponding terms to the Hamilton equation and the energy, respectively.
The proof of the conservation law in the previous section consists almost of elementary calculations except the two technical tools: the chain rule and the integration by parts. Therefore, we need discrete analogues of these two in order to reproduce the calculation. We write the approximation of q(n∆t) and p(n∆t) asq n andp n , respectively. H d (q n ,p n ) is any approximation to H(q(n∆t), p(n∆t)). We denote the forward/backward difference operator by δ + /δ − . The integration by parts can be replaced by the summation by parts:
The discrete chain rule can be achieved by replacing the gradient ∇ with the discrete gradient ∇. In fact, the discrete gradient is the discrete analogue of the gradient, namely designed so that it keeps a property of the gradient [4, 5] .
Because a discrete gradient is not uniquely determined, several methods for derivation have been proposed. It is worth noting that any discrete gradient can be used in our method.
We illustrate the above idea by actually deriving the scheme and the discrete energy conservation law. We discretize the action:
2 )/∆t. Then, we transform the time variation of this likewise in the continuous case:
At the last transformation, the first definitional equation of the discrete gradient is used as the discrete chain rule. Introducing the central difference operator δ c , δ cqn := δ + (q n +q n−1 )/2 and using the summation by parts, we have
Thus, we have the theorem shown below.
Theorem 3 If the discretized Hamiltonian does not depend on time n explicitly, the scheme
admits the discrete energy conservation law:
It should be noted that this scheme has the following two drawbacks:
• the "energy" does not coincide with the (discrete)
Hamiltonian itself,
• and the scheme is a multistep method, and requires the two sets of starting valuesq
This scheme, however, has the following two significant properties.
Theorem 4 Suppose that the discretized Hamiltonian is separable, that is, there exist functions
V d (q n− 1 2 ) and W d (p n ) such that H d (q n− 1 2 ,p n ) = V d (q n− 1 2 ) + W d (p n ).
Then, with suitable choice of the discrete gradients, the scheme becomes explicit.
Proof When the Hamiltonian is separable, we can choose the discrete gradients of
Combined with such discrete gradients, the scheme is of the following form:
The former is obviously explicit. Consequently, we can get the value ofq n+ 1 2 in the right hand side of the latter from the values at the nth and (n − 1)th steps without solving any system of equations. Therefore, we can also update the contemporary value ofp n+1 explicitly from the second equation.
(QED)
Theorem 5
If the discrete gradients in the scheme (4) are symmetric, that is, they sat-
, then the accuracy ofq andp of the scheme (4) is at least the second order.
Proof The scheme (4) is symmetric and hence its accuracy should be at least the second order.
Numerical experiments
As an example, we investigate the behavior of our scheme for the Duffing equatioṅ Fig. 1 . Evolution of the absolute error between the discrete energy corresponding to the scheme (6) with ∆t = 0.01 and the initial value. The order of the error is O(10 −14 ). this confirms that the discrete energy is certainly preserved except the effect of the rounding error.
We used the following discrete Hamiltonian
and Furihata's discrete gradient [5] to get the scheme:
Because of the separability of H d and the symmetry of the discrete gradients, this becomes the explicit scheme of the second order. In this experiment, we set the parameters to α = β = 1.0, and the starting values to the exact solution. First we checked the energy behavior of our scheme. Fig. 1 shows the evolution of the absolute error between the discrete energy corresponding the scheme (6) and the starting values with ∆t = 0.01. It is found that the scheme (6) stays stable after 10 6 steps and the discrete energy is certainly preserved except the effect of the rounding error.
We next performed a comparative experiment for 1000 [s] with the Störmer-Verlet scheme
which is symplectic and of the second order. Fig. 2 shows the absolute error between the exact solution q((n + )∆t), p(n∆t) and the computed valueq n+1/2 ,p n by our method and the Störmer-Verlet method at t = 1000 [s] . In almost all the case, our method has the less error than the Störmer-Verlet method.
puting environment (Intel Core i5, 1.4 GHz, gcc compiler 4.8.2) with ∆t = 10 −6 was 2.047 [s] , and that by the symplectic method was 2.274[s]. Our scheme is about 10% faster than the symplectic scheme.
Conclusion
We have proposed a new framework to derive energypreserving schemes by using the variational principle. Regarding the computation time, it is worth noting that our method yields explicit schemes for separable Hamiltonian systems. In fact, the numerical experiment shows that the computation time of our scheme is 10% faster than that of the Störmer-Verlet scheme, which is a symplectic scheme. This feature would be of importance when the method is applied to large-scale systems. In addition, explicit schemes are easily parallelized.
A series of systematic analysis including the error analysis and the analysis of the energy behavior has not been performed yet. We will report more detailed results on the numerical experiments and other investigations in another opportunity.
